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In this paper we revisit the problem of localizing gravity in a 2-brane embedded in a 4D Minkowski 
space to address induction of high derivative massive gravity. We explore the structure of propagators 
to ﬁnd well-behaved higher-derivative massive gravity induced on the brane. Exploring a special case in 
the generalized mass term of the graviton propagator we ﬁnd a model of consistent higher order gravity 
with an additional unitary massive spin-2 particle and two massless particles: one spin-0 particle and 
one spin-1 particle. The condition for the absence of tachyons is satisﬁed for both ‘right’ and ‘wrong’ 
signs of the Einstein–Hilbert term on the 2-brane. We also ﬁnd the Pauli–Fierz mass term added to the 
new massive gravity in three dimensions and recover the low-dimensional DGP model.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
The interest on low-dimensional gravity such as three-dimen-
sional gravity has been renewed fairly recently [1]. The main inter-
est of the present analysis is twofold. We consider two important 
aspects of gravity that are indeed connected by a special mecha-
nism of gravity localization which take into account the fact of the 
graviton being a massless or massive particle. The ﬁrst aspect has 
to do with low-dimensional gravity that has attracted much inter-
est in the literature [2–6]. This is justiﬁed because low-dimensional
gravity can bring us some new light about our diﬃculty of having 
a complete understanding of a quantized four-dimensional the-
ory of gravity. The second aspect concerns the inducing of gravity 
on a brane embedded in a higher-dimensional Minkowski space. 
This mechanism is completely different from localizing gravity via 
Kaluza–Klein with compact extra dimensions or through branes 
embedded in a warped higher-dimensional space as in Randall–
Sundrum scenario [7]. The gravity localization with an embedded 
3-brane in a 4D Minkowski space was ﬁrst considered by Dvali–
Gabadadze–Porrati (DGP) [8] — a similar setup with three 3-branes 
was also considered in [9]. Since the Minkowski space has an inﬁ-
nite volume, one cannot ﬁnd graviton zero mode. As the lineariza-
tion of the equations of motion and in turn the structure of propa-
gators show, the spectrum is a tower of continuum massive gravi-
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SCOAP3.ton states. However, there still appears four-dimensional gravity on 
a certain scale. There is a natural crossover scale which allows that 
four-dimensional gravity can still be recovered if the distance be-
tween two masses on the 3-brane is much smaller than such a 
scale. On the other hand, the Newtonian potential modiﬁes and as-
sumes a 5-dimensional (5D) behavior for large distances compared 
with such a crossover scale. In a recent study we have considered 
an analogous setup, a 2-brane embedded into 4D Minkowski space 
to ﬁnd lower-dimensional black hole solutions [10]. More recently 
a similar setup has been considered to address other issues [11]
such as graviton localization and cascading gravity in lower dimen-
sions. In this low-dimensional DGP case four-dimensional gravity, 
as expected, is recovered at large distances on the 2-brane. On the 
other hand, as we shall see, the small distance behavior depends 
on the content of the induced gravity on the 2-brane. Indeed, as 
we shall see, the propagators for higher-derivative massive gravity 
seem to produce a new ‘cascading gravity’ 4D → 3D → 2D. The lo-
calization of gravity on a 2-brane is physically well-justiﬁed since 
we can see our real (3 + 1)-dimensional universe as a stack of 
(2 + 1)-dimensional branes [12]. Furthermore, this is also in the 
direction of the recently proposed “vanishing dimension” scenario 
where at high energy (or short scales) the physics appears to be 
lower-dimensional — see [13] for a review and references therein.
In this paper we revisit this problem of localizing gravity in 
a 2-brane embedded in a 4D Minkowski space to address induc-
tion of high derivative massive gravity. The paper is organized 
as follows. In Section 2 we brieﬂy revise the DGP scenario for  under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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quadratic terms and integrated out on the fourth dimension to ﬁnd 
the boundary (the induced 3D action) contribution. In Section 4
we study the structure of the propagators to identify the particle 
content of the theory. In Section 5, since the ‘resonance massive 
graviton’ can be generalized, we address the issue of graviton prop-
agator with generalized mass term to ﬁnd several scenarios with 
distinct particle content. Finally in Section 6 we make our ﬁnal 
considerations.
2. Induced gravity on a 2-brane
In this section we consider the ﬁve-dimensional DGP scenario 
[8] to extend our previous analogous setup in four-dimensions that 
we put forward in Ref. [10]. The theory considers a 2-brane em-
bedded in a ﬂat four-dimensional spacetime (bulk). In this model 
the brane has invariants of the scalar curvature R(3) while the bulk 
spacetime has a Ricci scalar term R(4) . The full action can be sep-
arated into two pure (without matter ﬁelds) gravitational parts
S = S(4) + S(3), (1)
where
S(4) = M
2
4
2
∫
d4x
√|g|R(4) (2)
and
S(3) = M32
∫
d3x
√|q|(ηR(3) + γ (R(3))2 + δR(3)μν R(3)μν). (3)
This is a higher-derivative gravity model up to fourth order 
in derivatives [14] in a three-dimensional spacetime. The four-
dimensional line element is ds24 = gab(x, w)dxadxb (a, b = 0, 1, 2, 4)
and ds23 = qμν(x)dxμdxν (μ, ν = 0, 1, 2) is the induced metric on 
the 2-brane at x4 = w = 0 with qμν(x) ≡ gμν(x, w = 0).
It follows that the induced scalar curvature R(3) is made out 
of this three-dimensional metric and has no dependence with the 
transversal fourth coordinate w . In order to study an effective ac-
tion for gravity and its particle content we will adopt the same 
methodology of [15] for the traditional DGP case (see [16] for a 
comprehensive recent review).
It is convenient to write the action in terms of ADM-like vari-
ables [17], N = √g44 (lapse), Nμ = g4μ (shift) and the 4D metric 
qμν on the brane located at surfaces of constant w = x4. The 4D
part of the action can be written as
S(4) = M
2
4
2
∫
d4xN
√|q|[R(3) + (K (3))2 − K (3)μνK(3)μν]. (4)
The 3D extrinsic curvature is given by
K (3)μν = 12N
(
q′μν − ∇μNν − ∇νNμ
)
, (5)
where the prime means a derivative with respect to w .
The particle content of this theory is obtained expanding the 
action (4) to linear order around the ﬂat space. After integrating 
out the bulk we obtain an effective 3D action. Expanding the 4D
graviton around ﬂat space
gab = ηab + Hab, (6)
and using the ADM-like variables with their expansions around ﬂat 
space we have
qμν = ημν + hμν, Nμ = nμ, N = 1+ n. (7)
Furthermore, we have the following linear order relationsHμν = hμν, Hμ4 = hμ, H44 = 2n. (8)
In order to obtain an effective 3D theory for the arbitrary brane 
boundary values we shall expand the action (4) to quadratic or-
der in hμν , nμ , and n. We then solve the 4D equations of motion, 
subject to arbitrary boundary values on the brane and approaching 
zero as they tend to inﬁnity. After doing that we plug this solution 
back into the action.
First, the bulk equations of motion are the vacuum Einstein 
equations at linear order
[
R(4)ab
]
lin = −
1
2
(4)Hab − 12∂a∂bH +
1
2
∂c∂aHbc + 12∂
c∂bHac
= 0. (9)
In the de Donder gauge,
∂bHab − 12∂aH = 0, (10)
Eq. (9) can simply be written as
(4)Hab = 0. (11)
In terms of the ADM-like variables, Eq. (11) leads to three wave 
equations in the bulk for hμν , nμ and n,
hμν + ∂2whμν = 0, (12)
nμ + ∂2wnμ = 0, (13)
n + ∂2wn = 0, (14)
where  is the 3D Laplacian. These equations have the following 
solutions for hμν(x, w), nμ(x, w) and n(x, w), in terms of bound-
ary values hμν(x), nμ(x) and n(x):
hμν(x, w) = e−whμν(x), (15)
nμ(x,w) = e−wnμ(x), (16)
n(x, w) = e−wn(x). (17)
Here the operator  is the formal square root of the 3D Laplacian, 
 = √.
Considering the a = μ and a = 5 components of the gauge con-
dition (10) we obtain
∂νhμν − 1
2
∂μh + ∂wnμ − ∂μn = 0, (18)
∂μnμ − 1
2
∂wh + ∂wn = 0. (19)
The boundary ﬁelds satisfy the following equations (at w = 0):
∂μhμν − 1
2
∂μh − nμ − ∂μn = 0, (20)
∂μnμ + 1
2
h − n = 0. (21)
3. Boundary effective action
Let us now expand the 4D part of the action to quadratic order 
in hμν , nμ , and n and then plug in our solution. Recall that this 
action given in (4) reads
S(4) = M
2
4
2
∫
d4xN
√|q|[R(3) + (K (3))2 − K (3)μνK(3)μν]. (22)
We need to expand the 3D extrinsic curvature to ﬁrst order, that 
is
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Thus, expanding (22), using (23) and integrating out by parts in 4D
we have
S(4) = M
2
4
2
∫
d3xdw
[
n∂μ∂νh
μν − nh + 1
2
∂λhμν∂
νhμλ
− 1
2
∂μh∂νh
μν − ∂wh∂μnμ + 1
2
(
∂μn
μ
)2
+ ∂whμν∂μnν + 1
2
nμnμ
]
+ M
2
4
2
∫
d3x
[
−1
4
h∂wh + 1
4
hμν∂wh
μν
]
. (24)
Now consider the following term into the action
Sg f = −M
2
4
2
∫
d4x
(
∂aHab − 12∂aH
)
. (25)
This term does not contribute to the action because 4D equations 
of motion solve the de Donder gauge condition (10). Thus, we are 
allowed to add it. We can still write it in terms of the 3D variables
Sg f = M
2
4
2
∫
d3xdw
[
−1
2
(
∂νhμν − 1
2
∂μh + ∂wnμ − ∂μn
)2
− 1
2
(
∂μn
μ − 1
2
∂wh + ∂wn
)2]
. (26)
Plugging this into our 4D term the complete action can be now 
reduced to a boundary term at w = 0, that is
S(4) + Sg f = M
2
4
2
∫
d3x
[
−1
2
hμνh
μν + 1
4
hh − nn
− nμnμ + hh + nμ
(−2∂μn − ∂μh + 2∂νhμν)
]
.
(27)
Here nμ plays the role of the vector Stückelberg ﬁeld [19] while n
plays the role of a gauge invariant auxiliary ﬁeld. Fixing the gauge 
nμ = 0 we can eliminate n by using (21):
h = 2n, h = 2n. (28)
The resulting action has a Fierz–Pauli form [18], with an op-
erator dependent mass term (resonance mass, or soft mass) m
[20]:
S(4) + Sg f = M32
∫
d3x
[
−1
2
hμν(m)h
μν + 1
2
h(m)h
]
, (29)
where
m = M
2
4
M3
, (30)
plays the role of the DGP or crossover scale. In the next section 
we shall linearize the 3D part to add it to the action (29) and get 
the full action for induced gravity on the 2-brane. We shall mainly 
focus on the propagator structure.4. The propagator structure of the full action on the 2-brane
In order to obtain a full action on the 2-brane let us now ad-
dress the issue of inducing higher-derivative gravity up to fourth 
order derivatives in a three-dimensional spacetime described by 
the action (3), that is
S(3) = M32
∫
d3x
√|q|(ηR(3) + γ (R(3))2 + δR(3)μν R(3)μν). (31)
As in the 4D part let us now expand the 3D action around a 
ﬂat Minkowski background, i.e., gμν = ημν + hμν , and keep only 
quadratic ﬂuctuations. Then we express the action in terms of the 
Barnes–Rivers operators P (2) , P (1) , P (0−s) and so on. In the mo-
mentum space the set of three-dimensional operators in the cor-
responding Lagrangians is [21]
LEH = √g
(
η
M3
2
R(3)
)
= 1
2
hμν
{
η
M3
4
k2
[
P (2) − P (0−s)]μν,αβ
}
hαβ, (32)
Lγ = √g
(
α
2
R(3)
2
)
= 1
2
hμν
{
2γ M3k
2[P (0−s)]μν,αβ}hαβ, (33)
Lδ = √g
(
β
2
R(3)
μν
R(3)μν
)
= 1
2
hμν
{
δM3
4
k4
[
P (2) + 3P (0−s)]μν,αβ
}
hαβ. (34)
Now we must also express the Lagrangian related to (29) in 
terms of the spin projection operators. First we rewrite the La-
grangian in the form
L(4) +Lg f = −12hμν
[
M3(m)
(
ημαηνβ − ημνηαβ)]hαβ, (35)
such that
L(4) +Lg f = 12hμν
{
M3(m)
[−P (2) − P (1) + P (0−s)
+ √2P (0−sw) + √2P (0−ws)]μν,αβ}1
2
hαβ. (36)
The spin projection operators in three spacetime dimensions P (2) , 
P (1) , P (0−s) , P (0−w) , P (0−sw) , and P (0−ws) form a complete set and 
are deﬁned as
P (2)μν,κλ =
1
2
(θμκθνλ + θμλθνκ − θμνθκλ), (37)
P (1)μν,κλ =
1
2
(θμκωνλ + θμλωνκ + θμνωκλ), (38)
P (0−s)μν,κλ =
1
2
θμνθκλ, P
(0−w)
μν,κλ =
1
2
ωμνωκλ, (39)
P (0−sw)μν,κλ =
1√
2
θμνωκλ, P
(0−ws)
μν,κλ =
1√
2
ωμνθκλ, (40)
In this context the transverse and the longitudinal operators (θμν
and ωμν ) are deﬁned as
θμκ = ημν − kμkν
k2
, ωμν = kμkν
k2
, (41)
where the operators obey the following relationships
θμρθ
ρ
ν = θμν, ωμρωρν = ωμν, θμρωρν = 0. (42)
To write the Lagrangians (32), (33) and (34) in terms of projec-
tion operators the following relationships were used
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P (2) + P (1) + P (0−s) + P (0−w)]
μν,κλ
= 1
2
(ημκηνλ + ημληνκ)
≡ Iμν,κλ, (43){
2P (0−s) + P (0−w) + √2[P (0−sw) + P (0−ws)]}
μν,κλ
= ημνηκλ,
(44)
[
2P (1) + 4P (0−w)]
μν,κλ
= 1
k2
(ημκkνkλ + ημλkνkκ
+ ηνλkμkκ + ηνκkμkλ), (45)√
2
[
P (0−sw) + P (0−ws)]+ 2P (0−w)μν,κλ
= 1
k2
(ημνkκkλ + ηκλkμkν), (46)
P (0−w)μν,κλ =
1
k2
(kμkνkκkλ). (47)
The total gravitational Lagrangian LGrav =LEH +Lγ +Lδ +L(4) +
Lg f can be expressed as
LGrav = 1
2
hμνO
μν,αβhαβ, (48)
where, in momentum space, we have
O =
[
δ
M3
4
k4 + ηM3
4
k2 − M3mk
]
P (2) − M3mkP (1)
+
[(
8γ + 3δ
4
)
M3k
4 − ηM3
4
k2 + M3mk
]
P (0−s)
+ √2M3mk
(
P (0−sw) + P (0−ws)). (49)
Now writing the O operator in the form
O = x2P (2) + x1P (1) + xs P (0−s) + xw P (0−w) + xsw P (0−sw)
+ xws P (0−ws), (50)
we can ﬁnd the propagator
O−1 = 1
x2
P (2) + 1
x1
P (1) + 1
xsxw − xswxws
(
xw P
(0−s) + xs P (0−w)
− xsw P (0−sw) − xws P (0−ws)
)
, (51)
which can explicitly be written in terms of the momentum as
O−1 = 1
δ
M3
4 k
4 + ηM34 k2 − M3mk
P (2) − 1
M3mk
P (1)
+ (8γ + 3δ)M3k
4 − ηM3k2 − 4M3mk
8M23m
2k2
P (0−w)
+ 4
√
2M3mk(P (0−sw) + P (0−ws))
8M23m
2k2
. (52)
The tensor structure, as well as the behavior of the gravita-
tional potential, for this propagator in the case γ = δ = 0 (simple 
Einstein–Hilbert term) was already investigated in [11]. In our case 
there is a fourth-order momenta in the propagator from where af-
ter integrating out on large momenta space (or equivalently for 
small distance r compared with the crossover scale) this domi-
nating term is expected to produce a linear gravitational poten-
tial ∼ r which is typical of a 2D spacetime. Thus in some sense 
the full propagator seems to produce a new ‘cascading gravity’ 
4D → 3D → 2D.5. Graviton propagator with generalized mass term
Replacing the mass term with an arbitrary function of the 
Laplacian, the resonance massive graviton can be generalized by 
[22–24]
m2 →m2(). (53)
Now the propagator (52) can be written as
O−1 = 1
δ
M3
4 k
4 + ηM34 k2 − M3m2() P
(2) − 2
2M3m2() P
(1)
+ (8γ + 3δ)M3k
4 − ηM3k2 − 4M3m2()
8M23(m
2())2 P (0−w)
+ 4
√
2M3m2()(P (0−sw) + P (0−ws))
8M23(m
2())2 . (54)
It is not diﬃcult to see from the structure of the propagators 
that there are indeed modiﬁcations of Newtonian dynamics on the 
brane at a large distances (small momenta). In this regime the 
mass term has a Taylor expansion given by
m2() = L2(α−1)α, (55)
with L being a length scale and α being a constant. In order to 
modify Newtonian dynamics at large scales the mass term should 
dominate over the two derivative kinetic terms, so we should have 
α < 1. On the other hand, there is the constraint that the spectral 
function should be positive deﬁnite, so that there are no ghosts. 
So we have a lower bound α ≥ 0 [23]. The standard DGP model 
corresponds to α = 1/2. Making α = 0 (m2() = 1/L2), η = −1, 
δ = 1/M2 and γ = −3/8M2 we have the particular case
O−1 = 4
M3
1
( 1
M2
k4 − k2 − 4
L2
)
P (2) − L
2
M3
P (1)
− L
4
8M3
(
k2 + 4
L2
)
P (0−w) +
√
2L2
2M3
(
P (0−sw) + P (0−ws)).
(56)
This is just the Pauli–Fierz mass term added to the new massive 
gravity in three dimensions [1]. We can see by (56) that there are 
massive poles in the sector of spin-2 graviton modes. One is the 
unitary mode of positive mass and positive norm. The other is the 
ghost of tachyonic mass and negative norm. So both unitarity and 
causality are violated because of the existence of this tachyonic 
ghost [25].
We are now interested in analyzing an unexplored case in lit-
erature. It concerns the regime in which α → 1. Thus, the general-
ized mass term is now given by
m2() ≈= k2. (57)
The propagator in this case is written as
O−1 = 4M
2
M3
1
[k2 − (4− η)M2]k2 P
(2) − 1
M3k2
P (1)
− (4− η)
M3k2
P (0−w) +
√
2
2M3k2
(
P (0−sw) + P (0−ws)). (58)
Here m22 = (4 − η)M2 is the mass spin-2 mode. The condition for 
the absence of tachyons is satisﬁed for both ‘right’ and ‘wrong’ η
signs. As is well known, ghost does not show up in three dimen-
sions even if there exists a propagator like 1/k2(k2 −m2) [26].
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an additional unitary massive spin-2 particle and two massless 
particles: one spin-0 particle and one spin-1 particle:
O−1 = 4
(4− η)M3
m22
(k2 −m22)k2
P (2) − 1
M3k2
P (1)
− (4− η)
M3k2
P (0−w) +
√
2
2M3k2
(
P (0−sw) + P (0−ws)). (59)
The gravitational potential can be found by integrating out the 
2-momenta k via Fourier transform.
6. Conclusions
In this paper we consider the problem of localizing gravity in a 
2-brane embedded in a 4D Minkowski space to address induction 
of high derivative massive gravity. The structure of propagators 
shows a well-behaved higher-derivative massive gravity induced 
on the 2-brane. We consider a special case in the generalized mass 
term of the graviton propagator, which ends up with a consistent 
higher order gravity. The condition for the absence of tachyons is 
satisﬁed for both ‘right’ and ‘wrong’ signs of the Einstein–Hilbert 
term on the 2-brane. By properly choosing the parameters of the 
theory one can ﬁnd the Pauli–Fierz mass term added to the new 
massive gravity [1] and recover the low-dimensional DGP model. It 
would be interesting to consider this study to pursue possible new 
aspects of the following cascading gravity: 4D → 3D → 2D.
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